Tensile strength is an important material property for rocks. In applications where rocks are subjected to dynamic loads, the dynamic tensile strength is the controlling parameter. Similar to the study of static tensile strength, there are various methods proposed to measure the dynamic tensile strength of rocks. Here we examine dynamic tensile strength values of Laurentian granite (LG) measured from three methods: dynamic direct tension, dynamic Brazilian disc (BD) test, and dynamic semi-circular bending (SCB). We found that the dynamic tensile strength from direct tension has the lowest value, and the dynamic SCB gives the highest strength at a given loading rate. Because the dynamic direct tension measures the intrinsic rock tensile strength, it is thus necessary to reconcile the differences in strength values between the direct tension and the other two methods. We attribute the difference between the dynamic BD results and the direct tension results to the overload and internal friction in BD tests. The difference between the dynamic SCB results and the direct tension results can be understood by invoking the non-local failure theory. It is shown that, after appropriate corrections, the dynamic tensile strengths from the two other tests can be reduced to those from direct tension.
Introduction
Rocks are considerably weaker in tension than in compression, and thus characterizing tensile parameters of rocks is of great importance in many engineering and geophysical applications. For instance, tensile failure is believed to be the main failure mode in underground rock excavations. Tensile strength, which is defined as the failure stress of a rock element under pure uniaxial tensile loading, is thus an important material parameter of rocks.
Following the fundamental definition of tensile strength, direct pull test appears to be best suited for tensile strength measurement. The International Society for Rock Mechanics (ISRM) has suggested a direct tension method to measure the static rock tensile strength (Bieniawski and Hawkes, 1978) . However, in practice, the ideal uniform stress state in the specimen is very hard to be achieved. Premature failure due to stress concentration around grips and bending effects due to instrumental misalignments can introduce significant errors to the measurement results.
Because of the difficulties associated with experimentation in direct tensile tests, a variety of indirect methods have been proposed as convenient alternatives to measure the tensile strength of rocks, for example, Brazilian disc (BD) test (Mellor and Hawkes, 1971; Hudson et al., 1972; Bieniawski and Hawkes, 1978; Coviello et al., 2005) , ring test (Hudson, 1969; Hudson et al., 1972; Coviello et al., 2005) , and bending test (Hudson, 1969) . The various indirect tension testing methods aim at generating tensile stress in the specimen by far-field compression, which is much easier and cheaper in instrumentation than direct pull tests. In addition, these methods usually can give repeatable results. However, the interpretation of these indirect tension results tends to rest on the generally dubious assumption of the stress distribution prior to fracture. Direct tension is thus still needed to verify the accuracy and robustness of the indirect tests (Mellor and Hawkes, 1971) .
Existing attempts to measure rock tensile strength are mostly limited to quasi-static loading, primarily due to the difficulties in the dynamic experimentation and subsequent data interpretation. However, in many mining and civil engineering applications, such as quarrying, rock cutting, drilling, tunneling, rock blasts, and rock bursts, rocks are stressed dynamically. Accurate characterizations of rock tensile strength over a wide range of loading rates are thus crucial.
Due to the same reasons discussed above for static tension tests, few dynamic direct tensile tests have been attempted (Goldsmith et al., 1976) , and research efforts have concentrated on extending the indirect methods from quasi-static to dynamic loading. Zhao and Li (2000) measured the dynamic tensile properties of granite with the BD and three-point bend (TPB) techniques; the loading was driven by air and oil and thus had a limited loading rate range. To attain the tensile strength of rocks under high loading rates, most researchers used the standard dynamic testing facility, split Hopkinson pressure bar (SHPB), to apply the dynamic load (Xia and Yao, 2015) . For example, conventional SHPB tests were conducted on BD and flattened BD specimens of marble (Wang et al., 2006) and on BD specimens of argillite (Cai et al., 2007) . These attempts followed the pioneer work on dynamic BD tests of concretes using the SHPB (Ross et al., 1989 (Ross et al., , 1995 .
The dynamic BD test using the SHPB was recently used to study the loading rate dependence of rock tensile strength (Dai et al., 2010a) and rock tensile strength anisotropy (Dai and Xia, 2010) . Furthermore, a dynamic semi-circular bending (SCB) method was used in combination with the SHPB to measure the flexural tensile strength of rocks (Dai et al., 2008) and the anisotropy of the flexural tensile strength of rocks (Dai et al., 2013) . Unlike earlier attempts on dynamic indirect tests where quasi-static data regression was used without sufficient validation, the conditions under which the quasi-static stress analysis is valid were carefully addressed in these recent studies. This concept was further adopted in the first batch of ISRM suggested methods for measuring dynamic properties of rocks (Zhou et al., 2012) . However, there is still a need to validate the dynamic BD tests using the direct tension tests, due to the same reason as in the static case (Mellor and Hawkes, 1971) . Partially motivated by the foregoing issues, we developed a split Hopkinson tension bar (SHTB) system to measure the dynamic direct tensile strength of Laurentian granite (LG) (Huang et al., 2010 ).
In the current study, we first overview the three dynamic tensile strength measurement methods: dynamic BD, dynamic SCB and dynamic direct tension. The values of dynamic tensile strength for the same rock (LG) obtained from these three methods are then compiled and compared. It is found that the dynamic direct tensile strength is consistently lower than the dynamic BD tensile strength (Dai et al., 2010a) , and the dynamic BD tensile strength is consistently lower than the dynamic flexural tensile strength obtained using the dynamic SCB test (Dai et al., 2010b) . It is thus the primary objective of this work to rationale of these differences.
To understand the difference between the dynamic direct tensile strength and the dynamic BD tensile strength, we propose two mechanisms for the strength over-estimation in the dynamic BD method: the overload effect and the internal friction effect. We conduct dynamic BD tests using SHPB to illustrate the overload effect, and the frictional effect is qualitatively derived based on the micromechanical failure mechanism of rocks. After corrections based on these mechanisms, the dynamic BD tensile strength can be reduced to the dynamic direct tensile strength. The difference between the dynamic flexural tensile strength and the dynamic direct tensile strength can be explained by invoking a non-local failure theory as we used earlier (Dai et al., 2010b) .
Overview of three dynamic tensile strength measurement methods

Split Hopkinson pressure bar
The SHPB system is composed of three bars: a striker bar, an incident bar, and a transmitted bar (Grag and Blumenthal, 2000) . A specimen is sandwiched between the incident bar and the transmitted bar. The impact of the striker bar on the free end of the incident bar induces a longitudinal compressive wave propagating in both directions. The left-propagating wave is fully released at the free end of the striker bar and forms the trailing end of the incident compressive pulse ε i (Fig. 1) . Upon reaching the barespecimen interface, part of the incident wave is reflected as the reflected wave ε r and the remainder passes through the specimen to the transmitted bar as the transmitted wave ε t .
Based on the one-dimensional stress wave theory, the dynamic forces on the incident end (P 1 ) and the transmitted end (P 2 ) of the specimen are (Kolsky, 1949 (Kolsky, , 1953 :
where E is the Young's modulus, and A is the cross-sectional area of the bars.
Dynamic Brazilian disc method
A 25 mm diameter SHPB system is used in the study. A closeview of the dynamic BD test in the SHPB system is schematically shown in Fig. 2 , where the disc specimen is sandwiched between the incident bar and the transmitted bar. The principle of the BD test comes from the fact that rocks are much weaker in tension than in compression, and thus the diametrically loaded rock disc specimen fails due to the tension along the loading diameter near the center. The tensile stress at the central disc along the loading direction is sðtÞ ¼ 2PðtÞ pDB (2) where P(t) is the load; D and B are the diameter and the thickness of the disc, respectively. It is usually believed that at the maximum load, the corresponding tensile stress is the material tensile strength s t . In the dynamic case, the load is P 1 (¼P 2 ) obtained using Eq. (1). The loading rate is the slope of the pre-peak linear portion of the tensile stress curve (Zhou et al., 2012) .
It is noteworthy that the prerequisite for using Eq. (2) for dynamic BD tests is the dynamic stress equilibrium in the BD specimen (Dai et al., 2010a) . With the pulse shaping technique (Zhou et al., 2012; Xia and Yao, 2015) , the dynamic force balance for a typical BD test is achieved and shown in Fig. 3 . The dynamic forces P 1 and P 2 are calculated using Eq. (1). As shown in Fig. 3a , the dynamic forces on both ends of the BD specimen are almost identical during the dynamic loading. In rock specimen, the force equilibrium state can be achieved when the stress wave propagates in the rock specimen for about 3e4 times of the round-trip (Zhou et al., 2012) . Thus, the initial time for dynamic stress equilibrium in the BD specimen can be estimated by the propagation distance and the P-wave velocity of the rock specimen. Since the P-wave velocity of LG is 5000 m/s (Yin et al., 2012) , the stress equilibrium time for a 40 mm diameter BD specimen is theoretically about 48e64 ms. In the typical BD test, the ratio of P 1 to P 2 is calculated (Fig. 3b ) during the dynamic loading period. It illustrates that the absolute value of ratio of the forces on both ends of the BD specimen jP 1 /P 2 j has drastic fluctuations at the beginning, and then equals 1 at about 51 ms, after which the force balance is reached. The starting time (t 0 ) for the force balance in the typical BD test is in the range of the theoretical force balance starting time. It is also noted that at the peak load, the ratio is almost 1. Thus, the pulse shaping technique is an efficient method to achieve the force balance in the rock BD specimen and the dynamic force equilibrium is reached for all dynamic BD tests. In addition, in our earlier work (Dai et al., 2010a) , the transient dynamic stress history at the disc center was calculated. It indicated that the states of the tensile stress component (perpendicular to the loading direction) and compressive stress component (parallel to the loading direction) at the disc center calculated using dynamic stress analysis match with those calculated using static stress analysis. Thus dynamic stress equilibrium at the center of the BD specimen can be guaranteed by the dynamic force balance on the boundaries of the BD specimen (Dai et al., 2010a) . As a result, the inertia effect is eliminated in the BD specimen and Eq. (2) can be used for calculating the dynamic tensile strength of the BD rock specimen.
Dynamic semi-circular bend method
The SCB method can be viewed as an integration of the BD method and the TPB method. Compared with the BD method, the failure load needed for the SCB method is much smaller for a given material. Consequently, the stress concentration at the contacts, which may lead to premature failure, is less likely for the SCB method. Compared with the TPB specimen, the SCB specimen has the advantage of being core-based. In addition, the semi-circular geometry of the SCB specimen facilitates sample alignment (Fig. 4) . As shown in the figure, R is the radius of the half disk, B is the thickness of the rock disc, and the span between two supporting pins is S. Upon loading, failure will be initiated at the failure spot O on the specimen due to the bending load.
Using a dimensional argument, the equation for calculating the tensile stress at O is (Dai et al., 2008) :
where the dimensionless stress Y(S/(2R)) is a function of dimensionless distance S/(2R), and this function can be calibrated using finite element analysis. The (flexural) tensile strength is taken as the maximum tensile stress in the history of s(t) and the corresponding loading rate is measured from the slope of the pre-peak linear portion of the s (t) curve (Dai et al., 2008) . The tensile stress in the SCB specimen can be deduced from farfield measurement via quasi-static analysis Eq. (3) when the farfield dynamic force balance is achieved (Dai et al., 2008) . The pulse shaping technique was also employed in the SCB test to reach the dynamic force balance on both ends of the SCB specimen. The typical forces for both ends of the SCB specimen are almost identical and shown in Fig. 5a . Thus, the force balance is fully achieved on both ends of the SCB specimen. The starting time of force balance in the SCB specimen can also be determined through the method for obtaining the starting time of force balance for the BD specimen in Section 2.2 (Zhou et al., 2012) . The ratio of P 1 to P 2 for a typical SCB specimen is shown in Fig. 5b . The stress equilibrium initiation time for the SCB specimen with 20 mm radius is theoretically about 24e32 ms. The absolute value of jP 1 /P 2 j in the SCB test varies dramatically first and then almost equals 1 at 33 ms, indicating the dynamic force balance being reached. The consistency of the force balance initiation time (t 0 ) in the typical SCB test with that in theory is thus verified. It is noted that at the peak load, the ratio is almost 1. Furthermore, with the force balance in the SCB specimen, it has been proven that the peak of the transmitted force on the SCB specimen is also synchronous with the rupture onset of the specimen (Dai et al., 2008) . Therefore, Eq. (3) can be utilized to obtain the tensile stress in dynamic SCB tests and the dynamic force equilibrium is reached for all dynamic SCB tests.
Dynamic direct tension method using split Hopkinson tension bar
The SHTB system is composed of a striker tube, an incident bar, and a transmitted bar (Fig. 6a) . Two strain gages are mounted on the incident bar and transmitted bar, respectively. The dumbbell shaped specimen (Fig. 6b) is glued to the incident bar and the transmitted bar with strong epoxy adhesive. The striker tube, moving freely through the incident bar, is placed inside the gun barrel and launched by a low-speed gas gun. The impact of the striker tube on the flange attached to one end of the incident bar generates a longitudinal tensile wave propagating in the incident bar as incident wave ε i . When the incident wave reaches the barspecimen interface, part of the wave is reflected back as reflected wave ε r , and the remainder passes through the specimen and then enters the transmitted bar as transmitted wave ε t . These three waves are measured using strain gages and used to infer the dynamic response of the material (i.e. stressestrain curve) subsequently.
Using these three waves, the forces T 1 and T 2 on both ends of the specimen can be calculated: T 1 ðtÞ ¼ EA½ε i ðtÞ þ ε r ðtÞ; T 2 ðtÞ ¼ EAε t ðtÞ
If the specimen is in dynamic stress equilibrium, the stress of specimen is given by
where A s is the cross-sectional area of the specimen. The tensile strength is then obtained as the maximum value of the dynamic stress experienced by the specimen, and the loading rate can be determined from the loading history (Huang et al., 2010) .
To eliminate the inertial effect induced by the mismatch of forces applied to both ends of tensile specimens during the dynamic loading, the pulse shaping technique was utilized in dynamic direct tension tests (Huang et al., 2010) . As shown in Fig. 7a , the dynamic tensile forces T 1 and T 2 on both sides of the specimen are almost identical during the dynamic loading period. The inertial effect can thus be reduced since there is no global force difference. In addition, since the force equilibrium state can be achieved at about 3e4 times of the round-trip of stress wave in rock specimens, the force balance initiation time for the direct tension specimen with 38 mm length can be estimated theoretically to be about 45.6e60.8 ms (Zhou et al., 2012) . In a typical direct tension test, the absolute value of the ratio of T 1 /T 2 (shown in Fig. 7b ) equals 1 at about 51 ms after drastic decrease. This illustrates that the force balance is reached at about 51 ms, which has a good agreement with the theoretical starting time for the force balance. Thus, with the pulse shaping technique, the dynamic force equilibrium was reached for all dynamic direct tensile tests.
Results and discussion
The tensile strength obtained from the three dynamic testing methods is plotted against the loading rate in Fig. 8 . It is clear that for a given loading rate, the tensile strength obtained from the BD test is higher than that obtained from direct tension, while the SCB test gives the highest tensile strength values. Because the tensile strength obtained from direct tension is the true tensile strength, it is thus necessary to understand these differences.
Corrections for dynamic BD tensile strength
In their classic work on static BD tests, Mellor and Hawkes (1971) observed that in some cases, the primary crack occurred as loading continued, and a higher load was carried by the cracked specimen before the final collapse of the specimen. As a result, the load at the failure (i.e. the failure load) is lower than the peak load recorded. Theoretically, the failure load should be used to calculate the tensile strength. However, in practice, the final load (i.e. the peak load) is used. This overload effect will thus lead to an over-estimation of the rock tensile strength. To explain the reason that the dynamic BD results are consistently higher than the dynamic direct tension results, we first need to check whether or not this overload phenomenon exists in dynamic tests. Because the loading history can be determined from the measured waves using Eq. (1), the failure load is readily to be determined if the failure onset is detected. To determine the failure onset of the primary fracture, a strain gage is glued on the disc surface 5 mm away from the center of the disc (Fig. 2) . The rock specimen emits elastic release waves upon cracking, and this wave causes a turning point in the recorded strain gage signal (Jiang et al., 2004) . This turning point thus indicates the crack onset. In addition, the elastic release wave generated by failure initiation travels at the sound speed of the rock material and bar material. Since the distance between the location of original strain gage and the failure point is known, the time for the elastic wave to propagate from the disc center to the original strain gage location can be accurately determined (Xia et al., 2011) . Thus, the original strain gage signal can be corrected by considering the time for the elastic wave to propagate from the disc center to the original strain gage location. With the same method, the strain gage signal on specimen can also be corrected and thus the original strain gage signal and that on specimen are synchronized for determining the failure load at the failure onset.
We conducted 8 dynamic BD tests of LG featuring loading rates from 200 GPa/s to 1700 GPa/s (Fig. 9) . The strain gage was used to detect the failure onset in these tests. We first simply used the peak load to calculate the tensile strength. As shown in Fig. 9 , the dynamic strength results obtained match well with the previous results for the same rock (Dai et al., 2010a) . It is noted that the data points when the loading rates are higher than 2500 GPa/s may not be so reliable in earlier results because the dynamic force balance condition may have been violated. That is exactly the reason that in the new batch of tests, we did not go beyond the loading rate of 2000 GPa/s.
The tensile stress history from a typical test is compared with the strain gage signal in Fig. 10 . The overload is clearly identified: the failure onset is observed at 75 ms as indicated by the turning point of the strain gage signal while the peak load is reached at 88 ms. Here the strain gage signal has already been shifted to consider the wave propagation from the failure point (center of the disc) to the strain gage location. In the correction, we used the elastic wave velocity of the rock as 5000 m/s and the propagation distance from the center of the disc to the gage as 5 mm, the time shift of the strain gage signal is thus 1 ms. If we simply use the peak load to calculate the strength, the value is 40.9 MPa; the valid value calculated at the failure onset is only 33 MPa. The overload thus leads to 20% overestimation of the tensile strength in this test. For the new batch of BD results, all strength values were corrected in this way and the corrected values are also shown in Fig. 9 . It is noted that the percentage of overload is not a constant and thus the strain gage is needed to detect the failure onset for each dynamic BD test. For the old BD data set (Dai et al., 2010a) , the overload correction is not possible because the failure onset was not detected in those tests.
The BD tensile strength values after overload correction are compared with the dynamic direct tension results as shown in Fig. 11 . It can be seen that the BD results with this correction are still consistently higher than the direct tension results. To explain the difference, we have to examine the microscopic failure configuration of rocks in a direct tension test and a BD test (Fig. 12) . The top row shows the macroscopic loading configuration in both tests. If we zoom in on a square element in the center for both cases, the microscopic failure pattern is shown in the bottom row of the figure. At the element level, the stress state for the direct tension specimen is uniaxial while that for the BD specimen is biaxial, with tension in the vertical direction and compression in the horizontal direction (the far-field loading direction). For real rocks, the final fracture surface is not mathematically flat. The roughness of the fracture surface is controlled by the rock grain size and nature of the fracture. Because of the compression in the horizontal direction and the roughness of the fracture surface, there will be frictional resistance to the tensile failure for the BD specimen. This frictional resistance is a result of relative motion between the two imaginary rock failure surfaces that are under compression in the loading direction.
Based on the microscopic failure configuration of the BD specimen, the internal friction effect will lead to a nominal tensile strength s n t , which is larger than the intrinsic rock tensile strength s t . The nominal tensile strength is related to the intrinsic tensile strength as s n t ¼ s t þ hs n t 0s n t ¼ s t =ð1 À hÞ (6) where the unknown parameter h describes the frictional effect as a result of compression in the horizontal direction. This parameter depends on the roughness of the fracture surface and the coefficient of friction of the rock material. It can be seen from the equation that the nominal rock tensile strength from BD tests is over-estimated due to the internal friction effect.
Although it is not possible to determine h directly from laboratory measurements, we assume that it is an empirical material parameter. This parameter depends on the internal friction and the roughness of the final failure surface. The internal friction angle is a material parameter and the roughness of the final failure surface depends on the grain structure of the material. As a result, we postulate that h is an empirical material parameter and this parameter would vary for different rocks. Based on this understanding, we applied a uniform correction to the dynamic BD strength after the overload correction for the rock used in the study. It is also noted that, to apply the empirical correction caused by the friction effect, one also has to convert the loading rate. This can be achieved by using stress instead of strength in Eq. (6) and differentiating both sides of the function with respect to time, yielding _ s n ¼ _ s=ð1 À hÞ.
As shown in Fig. 11 , we obtained consistent tensile strength values from the direct tension tests and the BD tests with corrections (we assumed h ¼ 0.15 for LG to conduct the empirical correction for the friction effect). The robustness of the mechanism of frictional effect is verified by the fact that using single value of h, we achieved consistent strength values over a wide range of loading rate.
Correction for dynamic flexural tensile strength
The difference between the SCB results (flexural tensile strength) and the direct tension results can be explained using the non-local failure model (Lajtai, 1972; Carter, 1992; Van de Steen and Vervoort, 2001 ). This theory states that the material fails when the local linear elastic stress averaged over a distance d along the prospective fracture path reaches the tensile strength s t (Van de Steen and Vervoort, 2001) . Integrating the stress s normal to the prospective fracture path over that distance yields
Using testing results with different specimen size configurations, a linear regression analysis or a least-square method was adopted to determine d and s t simultaneously. In our case, the tensile stress along the potential fracture path of SCB specimen was calculated numerically with finite element analysis. The resulting stress was fitted to a polynomial form and was substitute to the right size of Eq. (7). The ratio of the flexural strength s f (stress at the failure spot when the specimen fails) to the tensile strength s t can thus be determined as a function of d. This ratio can also be calculated from the experimental results. We can thus find one value of d from the strength pair of one loading rate. Because we have results from a wide range of dynamic loading rates, we can determine the optimal d inversely using Eq. (7), and then find the tensile strength as a function of the loading rate (Dai et al., 2010b) .
At a given loading rate, the SCB tensile strength is twice the direct tension strength. To reconcile this, the characteristic length d ¼ 6.5 mm is used. This length is different from what we estimated earlier (d ¼ 6 mm) for the same rock (Dai et al., 2010b) , which is attributed to the reference value of the tensile strength: direct tension in this work and BD tension in earlier work. It is noted that, similar to early work, we only applied the non-local theory to correct the strength; however, we did not convert the loading rate. This is because the failure in the SCB test is at the center of the original disc (i.e. point O in Fig. 4) (Dai et al., 2010b) . It is thus appropriate to use the stress history at this point to calculate the loading rate.
As shown in Fig. 13 , the corrected values from SCB tests are consistent with the direct tension results. It is also noted that the characteristic length is the basis of the no-local failure model (Lajtai, 1972; Carter, 1992; Van de Steen and Vervoort, 2001) . Although this parameter cannot be directly measured, it should be related to the characteristic length of material microscopic structures. Again because one cannot measure this length directly, the correction should be treated somewhat empirical until a definite relation between this length and the material microscopic structure is established. 
Conclusions
In this work, we first reviewed three dynamic tensile strength measurement methods: dynamic BD, dynamic SCB and dynamic direct tension. The values of dynamic tensile strength for the same rock (LG) obtained from these three methods were then compared. It is found that the dynamic direct tensile strength is consistently lower than the dynamic BD tensile strength, and the dynamic BD tensile strength is consistently lower than the dynamic flexural tensile strength obtained using the dynamic SCB test.
To understand the difference between the dynamic direct tensile strength and the dynamic BD tensile strength, we proposed two mechanisms for the strength over-estimation of the dynamic BD method: the overload effect and the internal friction effect. We conducted dynamic BD tests using SHPB to illustrate the overload effect. The frictional effect was qualitatively derived from the experimental results and the empirical correction for the friction effect was obtained according to the micromechanical failure mechanism of rocks. After corrections based on these mechanisms, the dynamic BD tensile strength can be reduced to the dynamic direct tensile strength. The differences between the dynamic flexural tensile strength and the dynamic direct tensile strength were explained by invoking a non-local failure theory.
From this study, we believe that the dynamic strength values obtained using various dynamic indirect tensile tests are more meaningful than we expected. By carrying out proper corrections, we can obtain the intrinsic rock dynamic strengths from these indirect tensile results. In this way, we can measure the intrinsic dynamic rock tensile strength while avoiding the difficulties associated with the direct tensile experiments. The incident compressive pulse ε r
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